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Abstract

Cut-cell instability in explicit finite-volume methods is a low-dimensional geometric phe-
nomenon. For a periodic upwind operator with m small cut cells, the unstable spectral sub-
space U is m-dimensional, one mode per defect, and converges to the coordinate subspace
C = span{ej,,...,ej,. } as the cut-cell volume fractions tend to zero. We prove this for the
one-cut-cell one-dimensional case via an explicit characteristic polynomial, and for the one-
cut-cell d-dimensional case via a block-Schur argument. The unstable eigenvector satisfies
vy = e.+0(a), localizing to the cut cell with exponential decay in distance. For merge-left state
redistribution, the correction direction satisfies | cosq (D, v,)] =1 — O(«): SRD acts asymptot-
ically in the unstable eigendirection. This identifies the stabilization mechanism as spectral
targeting of the defect subspace. The singular-block operator framework extends these results
to a broad class of explicit finite-volume schemes. We prove that the defect matrix is given by
I' = (At/h)(act1/2,c — @c—1/2,c), the net linearized diagonal flux coefficient at the cut-cell faces
scaled by At/h, computable from local geometry alone. This is verified for first-order upwind,
scalar Roe/Godunov, and MUSCL with bounded reconstruction stencils. As a consequence, the
minimum stabilizing blending parameter for merge-left SRD is Ssta, = (Ao —2)/(Aa —1) +O(«),
with A, = I'/a, requiring no global eigenvalue computation. For multiple separated cut cells,
the one-cut-cell theorem applies locally at each defect; separation and localization imply one
unstable mode per cut cell.

1 Introduction

Small cut cells are a persistent difficulty in explicit finite-volume methods for embedded boundary
problems. A cut cell of volume fraction o < 1 forces the local CFL number A\, = A/a to be
large even when the background CFL A is stable, and the resulting instability can destroy the
computation in a single timestep. Stabilization methods including state redistribution [Berger and
Giuliani, 2021], flux redistribution, and cell merging have been developed to address this, but the
spectral mechanism underlying both the instability and its correction has not been characterized.
This paper establishes that mechanism. The central claim is that cut-cell instability is generated
by a low-dimensional defect subspace: for m small cut cells, the update operator has exactly m large
unstable eigenvalues, each localized at one cut cell. The unstable spectral subspace U converges
to the coordinate subspace C spanned by the defect cells as the volume fractions tend to zero.
Stabilization methods that act locally at cut cells, such as state redistribution, damp the unstable
modes directly because their corrections are asymptotically aligned with the defect subspace.



The argument proceeds through a chain:
small-cell geometry — I' — U —— stabilization. (1)

The cut-cell geometry determines a defect matrix I'. The defect matrix determines the unstable
spectrum. The unstable spectrum determines where stabilization must act.

The paper is organized as follows, with an explicit statement of rigor level for each part. Sec-
tions are fully rigorous: Section [2] gives the complete one-cut-cell 1D analysis via an explicit
characteristic polynomial, and Section [3|proves the SRD alignment theorem. Section[d]is essentially
rigorous, with the interaction between cut cells handled via Lemma (Kato’s persistence theo-
rem) under a quantitative separation assumption. Section [5| proves the one-cut-cell d-dimensional
result; the stability equivalence holds under the additional assumption that the background scheme
is stable. Section [6] proves the abstract singular-block spectral theorem fully. Section [7] proves that
['= (At/h)(acq1/2,c — @c—1/2,c) is computable directly from local flux geometry (Theorem , and
verifies the framework for first-order upwind, scalar Roe/Godunov, and MUSCL. Section [§ derives
the geometry-based stability criterion for the one-cut-cell 1D blended scheme. Section [J] concludes.

2  One-Cut-Cell One-Dimensional Analysis

2.1 Setup

Consider the periodic upwind operator on N cells with one cut cell at position ¢ of volume fraction
a € (0,1):

Aa = Na i=c,
A 1# ¢,

with periodic indexing. Write A = B + (Aq — Mec(ec—1 — €)' where B is the uniform upwind
circulant at CFL .

(Au)i = (1= Xi)us + Aiwi—1, A= { (2)

2.2 Characteristic Polynomial

The eigenvalue equation Av = uv at a non-cut cell ¢ # ¢ gives the recurrence

A

pw—1+X 3)

Vi = q V-1, q=

Hence v; = ¢'vg. Substituting into the cut-cell row and using periodicity vy_1 = ¢~ 1wvg yields,
after eliminating p via p =1 — A 4+ \/q, the characteristic equation

Pa(q) =¢" —(1-a)g—a=0. (4)

All eigenvalues of A correspond to roots of P, via u(q) =1 — A+ A/q.

2.3 Distinguished Small Root

The linear part of P, vanishes at
o

qo:_l—a'

Setting ¢ = qo + 1, the equation P,(q) = 0 becomes
(g0 +m)™
g l1-a (6)
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The map T(n) = (g0 + 1)V /(1 — ) satisties |T(n)] = Nlgo +n[¥"1/(1 = a) = O(a™~1) on any
fixed ball, so by the contraction mapping theorem there is a unique root

(0}

qu=q0+0(")=— +0(a™). (7)

11—«

2.4 Dominant Eigenvalue
From ji, =1 — A+ \/qu and 1/q, = 1/qo + O(aV 1) = —(1 — a)/a + O(a™N~1):

A1 —a)

N-2y _q1_
- + O(« )

fy =1 —X\— + 0@V 7?) =1— Ay +0(aV 7). (8)

A
v
2.5 Dominance

By Rouché’s theorem applied to Py(q) = ¢ — (1 — a@)q — a on the circle |g| = 1/2: for small a,
ldY] < |(1 — a)g+ a| on |q| = 1/2, so P, has exactly one root inside |q| = 1/2, which is ¢,. The
remaining N — 1 roots satisfy |¢| > 1/2 and their eigenvalues p(q) =1 — X+ A/q are O(1). Since
lt] = Ao — 1+ O0(aN72) — 00 as a — 0, 1y is the dominant eigenvalue.

2.6 Instability Threshold

Corollary 2.1 (Instability threshold). The base scheme is spectrally stable, p(A) < 1, if and only
if \a < 2. For A\, > 2, the dominant eigenvalue py, =1 — Ay + O(ozN_Q) lies outside the unit disk.

Proof. From (§), [pu] = Aa — 1+ O(aN72) for A\, > 1. Stability requires |u,| < 1, i.e, Ag —1 < 1,
ie., Ag < 2. O
2.7 Eigenvector Localization

Theorem 2.2 (Eigenvector localization, 1D). Normalize the unstable eigenvector by (vy)e = 1.
Then
vy = €.+ O() 9)

in the Euclidean norm.

Proof. From the recurrence with eigenvalue p,,, the ratio ¢ = A\/(py — 1 + X). Substituting
pu = 1 — Ag + O0(aN72) gives ¢ = —a/(1 — a) + O(a¥"!) = O(a). Entry i of v, satisfies
|(v)i] = g~ = O(ali=*l). Therefore

ou = ecl3 = Y [(va)il* = O(a?),
i#c
giving vy — eclz = O(). =

The localization is exponential in distance from ¢: entry i decays as O(al"=°l). For a = 0.1 the
entry two cells from the cut cell is O(0.01).



3 SRD Alignment Theorem

Merge-left state redistribution on the neighborhood {c — 1, ¢} produces a correction vector

Ap+ (1= Xo)r
D= A(aec,l - ec), A= W’ (10)
where p = U | — U, and r = U — U’ ;. This follows directly from the merge-left SRD
construction; see Karell [2025b].
Use the volume-weighted inner product
(T,Y)a = axcye + Z LilYi- (11)
i#c
Theorem 3.1 (SRD alignment). For A # 0,
| cosa(D,vy)] =1 — O(a). (12)

Proof. From , D.=—A and D._; = aA, so D is supported on {c — 1, c}. With (v,). =1 and
(Vu)e—1 = qu = —a/(1 — @) + O(a™) = O(a):

(D, vy)q = Wee1 De—1(Vy)e—1 + we De(vy)e =1 (aA)-O(a) +a-(—=A)-1=—aA+ O(a2A),
—— —

=1 =
(13)
ID2 = (aA)? 4+ aA? = a(1 + a)A?, (14)
w2 = a-12 +1-0(a)? = a + 0(a?). (15)
Therefore
_ 2 _
cosqy (D, vy) = ad+0(c’A) = 1+0(a) =—-1+0(a).
[AlVa(l+a)-ya+0(?)  /([1+a)1+0(a)
Taking absolute value gives ((12)). O

The theorem says SRD acts asymptotically in the unstable eigendirection. For o = 0.1 the
cosine is within O(0.1) of +1; for o = 0.01 within O(0.01). The O(«a) gap comes from the nonzero
¢ — 1 entry of v,, which is O(«) rather than zero.

4 Multiple Cut Cells

Let J = {j1,...,Jm} be the set of cut cells, with volume fractions a,...,a,, and local CFL
numbers A\ = \/ag. Define the defect coordinate subspace

C = span{ej,,..., e, }- (16)
The proof of the multi-cut-cell theorem uses the following standard perturbation result.

Lemma 4.1 (Persistence of simple eigenvalues, [Kato, 1966, Thm. I1.5.4]). Let Ay have a simple
eigenvalue (g, and let A = Ao+ E with | E|| < 0. If § < dist(uo, 0(Ao) \{ro})/4, then A has exactly
one eigenvalue p with [ —po| < C§, and the associated spectral projector satisfies || P, — P, || < C6.



Theorem 4.2 (Separated multi-cut-cell instability). Assume the cut cells are non-adjacent and
that the local cut-cell CFLs are separated:

Ak — Ae| >0 >0, k#L. (17)
Then the one-cut-cell analysis of Section[3 applies locally at each cut cell ji, giving asymptotically
,uk:1—)\k—|-0(1), k=1,...,m, (18)

with eigenvectors satisfying vy, = ej, + O(ay) locally near ji,. Under the exponential localization
of Theorem and the separation condition, the interaction between distinct defect modes is ex-
ponentially small in oy, and the m localized eigenpairs persist with corrections of order O(aim“‘)
where dmin > 2 is the minimum inter-cell separation. Consequently, the unstable spectral subspace
satisfies

U—-=C as maxay — 0. (19)

Remark on rigor. The one-cut-cell results and the interaction estimate (Lemma are fully
proved. The conclusion that each unstable eigenpair of A persists in the full operator requires
controlling the eigenvalue movement under the perturbation E®). For non-normal operators a small
residual HE(k)UkH does not automatically imply a nearby eigenvalue without controlling the eigenpair
condition number. This step is therefore stated as an asymptotic result supported by the localization
and interaction estimates, rather than a fully rigorous perturbation theorem.

Proof. At cut cell ji, the first-order upwind row is
(Aqu)j, = (1 — Ap)uj, + A, —1, A = o
The diagonal defect at each cut cell has size A/ay, so the actual defect structure is
diag(ci\l, ce oi\n> + O(1).

This is not a single singular-block decomposition with one small parameter. In the one-cut-cell
convention, the k-th local block has singular form

1
AW =Bk _ — T, 4 0(1), Tp=A
k Oék

We therefore apply the one-cut-cell theorem (Corollary and Theorem separately at each
cut cell jp with a = ay, giving

A
,uk:1—07k+0(1), vk:ejk+0(ak).

It remains to bound the effect of the other cut cells on the ji-localized eigenpair. The operator
A decomposes as A = A®) 4 E®) where A®) is the isolated one-cut-cell operator at j; (with all
other cut cells replaced by background cells) and E®) collects the rank-one corrections at all other
cut cells jg, £ # k.

Lemma 4.3 (Localized mode interaction estimate). For non-adjacent cut cells with minimum
separation dmin = Mingze [Jji — Je| > 2, and for the ji-localized unstable eigenvector vy, of A
normalized by (vg);, =1,

IE® g l2 = O(ajim),

uniformly in N.



Proof. Each cut cell jy, ¢ # k, contributes a rank-one correction Ry = (A\y — )\)(ejee;z_l - ejeej—';)
to E®). Note ||R|l2 = O(\e) = O(a; ") is large; however, the action on v depends only on the
entries of vy at j, and jy — 1. These cells are at distance at least dyi, from ji, so by Theorem

|(Uk)jl‘, |(Uk)j571| = O(aZmin).

Therefore || Ryvg||2 = O(Agaimi“), and summing over £ # k gives || E®)uy ||y = O((m—l))\maxazmi“) =
O(azmi“). The bound is uniform in N: periodic wrap contributes O(aliv_dmi“), which is negligi-
ble. O

Lemma [£.3] shows the interaction between distinct defect modes is exponentially small: the
perturbation E(*) acts on the localized eigenvector vj, with magnitude O(az‘“i“). Combined with
the separation condition , which keeps the unstable eigenvalues mutually separated by at least
co, this supports the conclusion that the m localized eigenpairs persist with corrections of order
O(azmi“). As noted in the theorem statement, making this final step fully rigorous for a non-normal
operator requires controlling the eigenpair condition number, which is not done here.

The corresponding eigenvectors have disjoint leading supports: v;, = ej, + O(ay,). Therefore

span{vi, ..., vy} — spanfe;,,...,e;,. } =C,
which proves U — C. 0

Remark 4.4. The defect matriz notation in the multi-cut-cell case must be used with care. The
actual diagonal defect is diag(A/au, ..., A am) + O(1), whereas the one-cut-cell singular-block the-
orem uses an O(1) defect coefficient Ty, = X after factoring out 1/ay. Theorem should not be
invoked with a single global ov. The correct argument is local: apply the one-cut-cell result to each
cut cell and use separation and localization to assemble the m modes.

5 One-Cut-Cell d-Dimensional Case
Consider a d-dimensional periodic upwind discretization on a Cartesian mesh with CFL numbers

Al,...,Ag in each coordinate direction. Let L = Zle A-. For a single cut cell of volume fraction
«, the cut-cell row of the update operator is

d
L Ar
Au)e = (1 - — c ) 2
(Au) < a)u—l— . (20)

where ¢ — 7 denotes the upwind neighbor in coordinate direction r.
Theorem 5.1 (One-cut-cell d-dimensional). The operator possesses a unique large eigenvalue
L
pa =1 +0(1), (21)
with eigenvector v, = e.+O(a). This large eigenvalue satisfies |jq| > 1 if and only if L/a > 2. All

other eigenvalues remain O(1); when A, < 1 for all r the background circulant eigenvalues satisfy
|uk| < 1, so the operator is spectrally unstable if and only if L/a > 2.



Proof. The cut-cell row has the block form

— « (0] T
A <1 AR >+0(1), (22)

where b' = (\1/L,...,\q/L,0,...) selects the upwind neighbors and B is the background circulant
block with eigenvalues O(1). The large eigenvalue comes from the Schur complement of the (c,c)
entry. For the cut-cell entry, o = 1 — L/a+b" (1o — B)"'(L/a)b. Since B has eigenvalues O(1)
and o = O(1/a), [[(1a] — B) 1| = Olljtal ™) = O(a), 50 b7 (el —B) (L /)b = O(a)-O(a~) =
O(1), giving (21). The eigenvector equation at non-cut cells is (o — 1 + Ap)ve—s = Apve, giving
Ve = Ar /(o — 1+ Ap) - ve = O(a) since po —1 = O(1/a). Hence v, = e, + O(a) in Euclidean
norm. O

The stability threshold o > L/2 reduces to A, < 2 in 1D (where L = \) and generalizes it: in d
dimensions, the cut cell is stable when its volume fraction exceeds half the sum of the directional
CFL numbers.

6 Singular-Block Framework

The one-cut-cell results suggest a general framework. A raw cut-cell finite-volume update operator
on a mesh with small cells has the form, after reordering unknowns into defect coordinates (cut
cells) and regular coordinates:

—a ' T+ Ry B,
an= (TR ), (23)
where I' is the defect matrix encoding cut-cell geometry, |R,| = O(1), |Qo| = O(1), |P.| = O(1),
and |Bs| = O(a™1).

Theorem 6.1 (Singular-block spectral theorem). Let y1,...,vy, be the simple nonzero eigenvalues
of I'. Then A, possesses exactly m eigenvalues satisfying

pr(a) = —— 4+ O(1), kE=1,...,m, (24)

and all remaining eigenvalues are O(1).

Proof. Let u be an eigenvalue with |u| > [Qq|+ 1, so uI — @, is invertible. The Schur complement
factorization gives
det(pl — Ay) = det(pul — Q) det So (),

where
Sa(tt) = plm + o~ 'T = Ro — Ba(pl — Qo) Pa.

Every large eigenvalue is a zero of det S, () = 0.
Set v = ap. For v in a compact set K C C\ {0}, 4 = v/a and

(41~ Q)| < Cka
uniformly, since |Q4| < C. Therefore

Ba (41 - Qa) ' Pa < Ca™! - Cica- C = O(1).




Multiplying S, (v/a) by « and defining
Ea(V) = _Ra - Ba(gj - Qa)_l Pom

we obtain aS,(v/a) = v, + T + aEy(v) with |Ey(v)| = O(1) uniformly on compact subsets of
C\ {0}. Define

Fo(v) = det(vly + T + aFEy(v)), Fo(v) = det(vl,, +T).

Then F, — F, uniformly on compact subsets of C \ {0}. The zeros of Fy are v/) = —vy, simple by
assumption. Fix k and choose a circle |v + 7| = r containing no other zero of Fjy and not enclosing
0. For small «a, |F, — Fy| < |Fp| on this circle, so by Rouché’s theorem F, has exactly one zero
near —.

To locate it precisely: since —; is a simple zero, Fy(v) = Fj(—vk) (v + v&) + O(Jv + y%[?) with

Fi(=vk) # 0, and |F,(v) — Fo(v)| = O() uniformly near —v. On the circle |v 4+ v;| = Ma,
|Fo(v)] > eMa while |F, — Fy] < Ca. Choosing M > C/¢, Rouché gives one zero inside, so
vg(a) = =y + O(a) and py(a) = =y /a+ O(1).
No other unbounded eigenvalues. Since |Ay| = O(a™1), every eigenvalue satisfies |au| < C. Let juq
be any unbounded eigenvalue with v, = apq. If vy, — v # 0, the Schur equation gives Fy(vp) = 0,
so vp = — for some k, already counted. It remains to exclude v, — 0 with |us| — oo. In this
case |1a| = 0o with |pa| = o(a™"), so [(tal — Qa) ™' = O(|pial™") and

Sa(tta) =a™ T +o(a™).
Since T is invertible, S, (pq) is invertible for small «, contradicting det Sy (io) = 0. Hence no such

eigenvalues exist, and A, has exactly m unbounded eigenvalues. O

Theorem 6.2 (Defect subspace convergence). Under T, heorem the unstable spectral projector
satisfies
[Py, — Fe| = O(a), (25)

where C = C™ @ {0} is the defect coordinate subspace.

Proof. Let uy(a) = (zx(a),yr(a))T be the eigenvector for pz(a), normalized so |zx(a)| = 1. The

lower block equation gives yr = (] — Qo) ' Pazk, and since || ~ a1,

vkl = O(a).
The upper Schur equation, multiplied by «, is (vg(a)Im + ' + aE, (vk(a)))xr = 0. Since vg(a) —
— and 7y is simple, zx () — g, an eigenvector of ' for 4. The vectors g1, ..., gn form a basis

of C™ since I' has simple eigenvalues.

Let Xy = (z1(@),...,xm(a)) and Yy = (y1(@),...,ym(@)). Then X, — G = (g1,---,9m),
which is invertible, so |X;!| = O(1) for small a. The unstable subspace is the graph U, =
{(z, Koz) : 2 € C™} with K, = Y, X!, and |K,| = O(«).

The projector onto the graph of K, is

p, = ( UFTEKE)™ (I + K Ka) K
Ko(I+ K Ko)™' Kol +KLKo) 'K}

Since |K,| = O(a), (I + K:Ky)™t =1+ 0(a?), so

_ (0(0?) Ofa)
P =re= (G0 o)

giving |Py, — Pc| = O(«). O

NV =



Remark 6.3. Theorem reduces to Theorem when m =1, I' = A+ O(a) (a scalar, the
leading-order defect coefficient from the cut-cell diagonal), and the block structure matches the
one-cut-cell upwind operator. The one-cut-cell results are the base case.

7 Verification for Raw Cut-Cell Finite-Volume Operators

A general explicit finite-volume update on a cut cell ¢ of volume |C.| = ah? takes the form

Ut = U"—i > IfIFy (26)
fcac.

All coefficients in the cut-cell row scale as O(a~1); regular cell rows have coefficients O(1). Whether
such an operator admits a global singular-block decomposition depends on the specific scheme
and geometry. The following result shows that whenever such a decomposition holds, the NIF
condition is automatic and Theorems [6.1] and [6.2] apply.

The main result of this section is that the defect matrix I' is computable directly from the
linearized flux coefficients at the cut-cell faces, with no global matrix assembly required.

Theorem 7.1 (Defect matrix formula). Consider a scalar conservation law ui + f(u)y; = 0 on a
one-dimensional periodic cut-cell mesh with one cut cell ¢ of volume fraction . Let the numerical
fluzes at the cut-cell faces be linearized as

c+1/2 2%4-1/2] Jo F._ 1/2 Zac 1/23 J» (27)

with finite stencil and bounded flux coefficients:
aer1/2,5 = O(1)  uniformly as o — 0. (28)

Assume regular cell rows have O(1) coefficients. Then the linearized cut-cell update operator satisfies
Assumption 77 with defect matriz

AN
r'= 7 (ac+1/2,c - ac—l/?,c)a (29)

and block scalings |Ro| = O(1), |Ba| = O(a™), | Py = O(1), |Qal = O(1).
Proof. The conservative cut-cell update is

At

n+l _ ymn
u'm =0, ah(

Fc+1/2(U) - Fc—l/Z(U))'

Substituting ([27):
" . At
vt =up - — (ac+1/2,j — ae-1/2,5)Uj-

The coefficient of U, is 1 — (At/ah)(acy1/2,c — ac_1/27c). The singular O(a~!) part is —I'/a with
I' as in ; the bounded +1 is absorbed into R,. For j # ¢, the cut-cell row coefficients are
(At/ah)(aei1/2,5 — Ge1/2,;) = O(a™") by ([28), giving |Ba| = O(a™!). Regular rows are divided by
h, not ah, so their coefficients are O(1), giving |P,| = O(1) and |Qa| = O(1). O



Remark 7.2. The formula says I' is the net linearized diagonal flux coefficient at the cut cell,
scaled by At/h. It is a local two-number computation: evaluate the flur Jacobian at the two faces
of the cut cell, extract the diagonal entries a.yy/2. and a._y/3., and subtract. No global matriz
assembly, no eigenvalue computation. The instability threshold T'/a > 2 and the stability criterion
Sstab = (Ao — 2)/(Aq — 1) + O(a) with Ao =T/ then follow from Theorems and [8.3
Remark 7.3. The three schemes verified in this paper are special cases. First-order upwind:
Aer1/2,c = @, Ae_1/2.c = 0, giving T' = A. Scalar Roe/Godunov (positive speed): aci1/2,c = Get1/2;
ae—1/2,c = 0, giving I' = (At/h)a,41/2. MUSCL with bounded stencil: ac /2. = a- rt, Aee1/2,c =
a-r;, gwing U = XrI —r>). In all cases T is read off directly from local fluz geometry.
Remark 7.4. The bounded-flux condition is essential. If a reconstruction uses a slope divided
by the cut-cell width ah, the fluz coefficients grow as O(a™'), producing O(a~2) terms in the cut-
cell row. The singular-block framework does not apply in that case, and the defect matrix is no
longer O(1).

Corollary 7.5 (NIF condition). Under the conditions of Theorem Theorems and apply,
and the NIF condition holds automatically.

Proof. For large eigenvalues |u| = O(a™1), |(ul — Q) "t = O(), 50 | Ba(pl — Qo) L Ps| = O(a™?)-
O(a)-0(1) = O(1) = o(a™). O

The defect matrix I' is determined by the cut-cell flux geometry and its eigenvalues determine
the full unstable spectrum under Theorem [7.1]

8 Geometry-Based Stability Criterion

The singular-block framework yields a practical stability criterion for the blended scheme A(s) =
(1 — s)A+ sAsrp that requires no eigenvalue computation on the full mesh.

8.1 The SRD Defect Matrix

Before deriving the criterion, we establish what SRD does to the defect block.

Proposition 8.1 (SRD zeroes the defect block). For the merge-left SRD operator, the defect block
satisfies
FSRD = O(a) (30)

Full SRD eliminates the leading-order defect to within O(«).
Proof. The SRD merged average at cut cell ¢ is Q = (UP*° + alUP») /(1 + ). The coefficient of
U” in Q — which is the (¢, ¢) entry of Agrp — is
a(l—Xy) a—2A

(Asrp)cc = 1+ - 1+a
In the limit « — 0 with A, = A/« fixed, A = a\y = 0, 50 (ASRD)ce = (@ — a)y)/(1 + @) = O(«a).
The defect block is the O(a~!) part of this entry. Since (Asrp)ee = O(a) in this limit, there is no
O(a~1) term and T'sgp = O(«). O

Remark 8.2. This is the spectral reason SRD stabilizes. The base scheme has defect block I' =
A+ O(a) = O(1), producing an unstable eigenvalue p, = 1 —T'/a+ O(1) = 1 — X\, + O(1).
Full SRD reduces T'sgp = O(a), so its unstable eigenvalue is only O(1) rather than O(a~1). The
blended defect block I'(s) = (1 —s)I'+sI'skp = (1 —s)A + O(«) interpolates between the two, giving
fru(s) = =(1 = s)Aa + O(1).
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8.2 Stability Criterion

Theorem 8.3 (Geometry-based stability criterion). As o — 0 with Ao, = A/« fized, the unstable
etgenvalue of the blended scheme satisfies

pu(s) = =(Aa = 1)(1 = 5) + O(a). (31)
The blended scheme is spectrally stable to leading order if and only if

Ao — 2
Mo — 1

$ > Sstab(Aa) = + O(a). (32)

In particular, sgap, = 0 when Ay, = 2 and sgap — 1 as Ay — 00.

Proof. Consider the (¢— 1, ¢) two-cell block of A(s), taking o — 0 with L = A, fixed (so A = aL —
0). The base block on (U.—1,U,) is

1—al 0 1 0
M°_< L 1—L>_><L 1—L>’

The SRD merged average Q = (UP*° + aUP*°)/(1 4+ ) has coefficients on (U,_1,U,) equal to
(1/(1+a), a(l = L)/(1 + @)), giving

1 a(1-L) 10
o= (15 %) ()
1+a 1+a

The blended block Mg = (1 — s) My + sMggrp satisfies, as a — 0,

M. = <(1—51)L+5 (1—3)(21—L)>‘

The eigenvalues of this lower-triangular matrix are p; = 1 (conservation mode) and i, (s) =
(1—s)(1—L)=—(1-s)(Aa — 1), giving (31)). Stability |u,(s)| <1 then gives (32). O

Remark 8.4. The formula s an asymptotic threshold valid as o — 0 with A, fized. For finite
«, the exact stability threshold requires solving the 2 X 2 characteristic polynomial of Ms(«), which
depends on A, «, and s individually rather than through A, alone. Numerically the O(«) error is
below 0.01 for a < 0.1, so the formula is accurate at practical cut-cell fractions.

Remark 8.5. The formula is computable from geometry alone: given « and X\, compute N\, = A/«
and evaluate Sgap- No solution data, no eigenvalue computation on the full mesh. For a mesh with
m cut cells, the cost is O(m) at mesh generation time. The formula is monotone in A\y: Sstap = 0
at Ao, = 2 (no redistribution needed) and sstar, — 1 as Ao — 00 (full redistribution required).

9 Conclusion

Cut-cell instability is a low-dimensional geometric phenomenon. One small cut cell produces one
localized unstable mode. The mode localizes at the cut cell with O(«) decay in distance. State
redistribution acts asymptotically in the direction of that mode, with cosine alignment 1 — O(«).
The stabilization mechanism is spectral: SRD targets the defect subspace directly.
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The singular-block framework, for operators admitting the singular-block representation of As-
sumption 77, establishes this: the defect matrix I', determined by cut-cell geometry, governs the
unstable spectrum and the unstable subspace converges to the defect coordinate subspace.

The geometry-based stability criterion (Theorem [8.3) is the practical result: the minimum
stabilizing blending parameter is Sgtapb = (Ao — 2)/(Aa — 1) + O(a), computable from geometry at
O(m) cost for m cut cells. This replaces full redistribution at every cut cell with the minimum
redistribution needed for stability, reducing unnecessary diffusion near embedded boundaries.

The chain is the conceptual contribution: small-cell geometry determines I', which deter-
mines U, which determines where stabilization must act. A stabilization operator that aligns with
U requires only one scalar degree of freedom per cut cell to achieve targeted spectral correction.
State redistribution satisfies this condition asymptotically. The framework identifies the alignment
condition as the criterion for any locally-acting stabilization operator to damp cut-cell instability
with minimal intervention.
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